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     Born-Infeld electrostatic fields behaving as the superposition of two point-like charges 
in the linearized (Maxwellian) limit are studied in a two-dimensional Euclidean space. The 
solution for the considered configuration is got by means of a non-holomorphic 
transformation of the complex plane. We obtain the changes underwent by Coulombian 
interaction between point-like charges in Born-Infeld theory. Remarkably, the force 
between equal charges goes to zero when they approaches.  
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     With the aim of rendering finite the self-energy of point-like charges, in 1933 Born and 
Infeld formulated a non-linear electrodynamics starting from the idea of imposing a finite 
upper bound b to the electrostatic field, together with a Maxwellian behavior far away from 
the charges. The elimination of singular points in the field would allow to regard the theory 
from a unitary standpoint: the only physical entity would be the field, whereas the charges 
would be nothing but a part of the field [1-5]. In Born-Infeld theory the electromagnetic field, 
  
ijjiij AAF ∂−∂=  ,                                                        (1)   
 
enters the Lagrangian on an equal footing with the metric tensor gij ; both tensors together 
compose a “total” field 
 
ijij Fgb + ,                                                               (2) 
 
where b is a new universal constant with units of field, which will play the role of  limiting 
value for the electrostatic field. The Born-Infeld Lagrangian density is [2] 
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The term ( )ijgbdet  in (3) plays the role of making LBI zero when the electromagnetic field 
vanishes. Moreover, LBI goes to the Maxwellian Lagrangian density in the limit b → ∞. The 




















g ijijj .                                        (5) 
 
These equations are supplemented with the identities dF = 0, since the field is an exact 2-
form. The energy-momentum tensor is 
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which verifies the energy-momentum conservation, 
 
0; =lklT ,                                                               (7) 
   
at all the places where Tij is non-singular. 
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The equations (10) are formally identical to Maxwell equations without sources. However, as 
a consequence of the relationships (8), they give up being linear. Due to the non-linear 
character of the field equations, it is cumbersome to find explicit solutions in an analytic way, 
except in configurations possessing a high degree of symmetry. In more general cases, 
solutions are known in an implicit form [6,7]. From the relationship between the electrostatic 
problem and the minimal surfaces equation, solutions has been obtained in a parametric way, 
as well as conditions guaranteeing  uniqueness of the solutions [8,9].  
     Recently it has been proposed a method to obtain electrostatic solutions in two-
dimensional Euclidean space, based on a transformation of the complex plane that combines 
the typical holomorphic transformation associated to solutions of Laplace equation with an 
anti-holomorphic term that takes into account the non-linear aspects of Born-Infeld theory. 
This method has already been used for obtaining the field lines and self-energies of point-like 
multipoles [10].  
     As it is well known, the real and imaginary parts of any holomorphic function ( ) ( ) ( ) ( )yxviyxuiyxwzw ,, +=+=  fulfill the two-dimensional Laplace equation, so any 
holomorphic function provides solutions for Coulombian problems in two dimensions 



















                                              (11) 
    
which becomes the Laplace equation when b → ∞. In this case one can look for equipotential 
and field lines by means of a non-conformal mapping of the complex plane. The orthogonal 
grid formed by the lines u(x,y) = constant (equipotential lines) and v(x,y) = constant (field 
lines) coming from the solutions of (11) could be regarded as emerging from a transformation 
of the complex plane generated by a non-holomorphic function. This transformation should 
depend on b in such a way that it becomes holomorphic when b → ∞, so recovering the 
Coulombian case. In Ref. [10] it was shown that the transformations of the complex plane 





wgwfyixz +=+=  ,                                             (12) 
                                                
where f(w) is holomorphic, g(w*) is antiholomorphic, and they are related through the 
condition 
 ( ) 1**)( =′′ wgwf  .                                                     (13) 
 
     Given a holomorphic function f(w) one can calculate g(w*) by using (13). Then, by 
inverting the transformation (12) one finds the Born-Infeld electrostatic potential 
u(x,y) = Re[w(z)] corresponding to a given Coulombian configuration of charge. In fact, z = 
f(w) is the transformation leading to the Coulombian field, which generates a conformal 
mapping in the Euclidean plane (i.e. the coordinate lines (u,v) not only are orthogonal but 
infinitesimal segments of them, such that du = dv, have the same length in the xy-plane). 
Remarkably, the transformation (12-13) is not conformal because, although the coordinate 
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lines (u,v)  are orthogonal, two infinitesimal segments such that du = dv, have not the same 
length in the xy-plane [10].  
     In order to obtain the Cartesian components of Born-Infeld electrostatic field one has to 
invert the Jacobian matrix associated with the coordinate change (x, y) → (u, v) performed by 
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1)( =′  .                                                         (15) 
 
This condition defines a curve where the energy-momentum tensor (6) is singular because 
22242 121 EbPbSb −−− −=−+  vanishes. If the curve 1)2()( −=′ bwf is closed, then it 
separates two different regions in the complex plane: i) 1)2()( −>′ bwf and ii) 1)2()( −<′ bwf . 
Only the first region can realize the Coulombian limit b → ∞. Since the Born-Infeld field 
should go to the Coulombian field at infinite, the region 1)2()( −>′ bwf  corresponds to the 
exterior of the charge distribution  (here “charge” means the points of the xy-plane where 
|E| = b). The curves where 1)2()( −=′ bwf  have been studied in Ref. [10] for the 
configurations associated with Coulombian multipoles. In these cases the curves are closed 
and turn out to be epicycloids whose size is determined by b and the multipolar moment. One 
can say  that Born-Infeld field smoothes singularities in two different ways: on one hand it 
smoothes the divergence of the energy-momentum tensor in order that the self-energy results 
to be finite; on the other hand the point-like character of the Coulombian multipoles is spread 
to the surface (in this case a curve) where the field reaches the limiting value b. 
  
     We are going to study the electrostatic Born-Infeld configuration corresponding to two 
point-like monopoles separated by a distance d in the Coulombian limit. The interaction force 
between charges will result from the flux of momentum through a closed surface S containing 
one of the charges. We will choose the x-axis along the line joining the charges, and the origin 
of coordinates at the intermediate point. As usual, we choose S as the surface formed by the y-
axis, and a semi-circumference of infinite radius centered at the origin of coordinates; on this 
last surface the flux is null. Since the symmetry dictates that the force is directed along the x-






































 −−−−=−= .            (16) 
 
For repulsive interactions it is Ex = 0 (v = constant) and dy = (∂y/∂u) du at x = 0.  Thus, 
according to Eqs. (12-14) the force is 
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The Coulombian potential u(x,y) = Re[w(z)] for the repulsive configuration of two equal 










zλw ,                                                 (19) 
 
where a proper choice of the integration constant was done in order that the Coulombian 
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z   (21) 
 
where α is the adimensional parameter α = bd/λ. According to Eq. (15), the electrostatic field 



























uα .                     (22) 
           
This curve does not cross the y-axis, but decomposes in two parts (“charges”) at each side of 
the y-axis. In fact, it is easy to prove that  ( ) 1)2( −>′ bwf  on the y-axis, for all value of α. 
Each part displays a cusp on the x-axis (v = 0) at | x | < d/2 (see Figure 1). At the cusp it is 
[ ] )24(4)2/(exp 22 ++=− − ααλu . 
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Then, according to Eq. (21), the positive y-semiaxis can be parametrized by defining a 












tdy(t)                                     (24) 
 







































In the former expression, uo is such that y(uo) = 0. In the Coulombian case (b → ∞, i.e. α → 
∞) it is uo = 0, so to = 0 and the Coulomb force is recovered. Instead, in Born-Infeld theory it 
is uo < 0 and −π < to < 0. The dependence of the interaction on b is given through the value to 
which depends on α = bd/λ. Since to − sin to is negative for −π < to < 0, it is concluded that the 
interaction between equal monopoles is repulsive for all value of α, but less intense than 
Coulombian interaction. In particular, for α → 0, it is to → −π ; thus the repulsive interaction 
force vanishes for d→ 0. 
     In order to get an explicit correction to the Coulombian force we will take into account that 
to is small for high values of α. Thus we can try to solve y(to) = 0 in (24) by writing to as a 
power series of α−2. In this way we reach the result  to = −8 π α−2 + 128 π3/3  α−6 − 2048 π3/3  
α−8 + O(α−10). Therefore the force (25) is 
  
Fig. 1: Born-Infeld equal “charges” for several values of α. 
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We remark that the Born-Infeld correction is very weak in this case.  
 
 
     In the case of the attractive charge configuration consisting of a charge −λ at x = −d/2, and 




















λx,yvx,yuw .                                      (27) 
 
Here we have chosen the integration constant such that the complex potential w(x, y) is null at 
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If 4>α  this curve does not cross the y-axis, but decomposes in two parts (“charges”) at each 
side of the y-axis. In fact, by using Eqs. (29) and (30) it can be proved that the points 




1>′  only for 4>α . 
For 4≤α , the curve of maximum field get closed, as it is typical for multipoles [10]. In this 
case, the “charge” distribution becomes a unique object, so it makes no sense to calculate the 




1>′  is, of course, the outside of the object. Figure 2 
shows these curves for different values of α . The curves display cusps on the x-axis (v = 0) at 
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     We will calculate the force (18) for 4>α . Since the y-axis is characterized by u = 0, then 
Eq. (29) says that the positive y-axis accepts a parametrization similar to (24) whenever the 
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This function is monotonous for t ∈(−π, to ), where 0 < to < π  is the parameter satisfying y(to) 
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For b → ∞ (α → ∞), it is to → 0 in Eq. (32), so the Coulombian force is recovered. Since to ∈ 
(0, π), it is concluded that the attraction between opposite monopoles is more intense than 
Coulombian interaction. We will solve y(to) = 0 in (31) by writing to as a power series of 
(α2−16)−1. The result is to = 8π (α2−16)−1[1−16π 2(α2−16)−2 / 3] +  Ο[(α2−16)−4]. Therefore the 
Born-Infeld interaction (32) between opposite monopoles behaves as 
  








x .                (33) 
 
Differing from the former case, the attractive interaction receives a more perceptible 
correction of order (α2−16)−1. 
  
Fig. 2: Born-Infeld opposite “charges” for α =10 and α =5. For α ≤ 4 the charges 
merge in a sole object. 
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     It should be remarked that d in results (26) and (33) is not the real distance D between 
Born-Infeld charges. D goes to d when b → ∞, but D is smaller than d in the repulsive case 
(see Fig. 1) and larger than d in the attractive one (see Fig. 2). Distance D can be obtained 
from the positions of the cusps. In the repulsive case it is  Drepulsive  = d + d [ 2 − 2 ln 
(α2 )]  (α2)−1 + O[(α2)−2], and in the attractive case it is Dattractive  = d − d [ 6 − 2 ln 
(α2 −16)]  (α2−16)−1 + O[(α2−16)−3/2].  
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